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Let 7r = (7r(l), r(2),..., v(n)) be a permutation on (1, 2,..., n}. A succession 
(respectively, *-succession) in n is any pair m(i), ~(i + l), where ~(i + 1) = 
m(i) + 1 (respectively, v(i + 1) - n(i) + 1 (mod n)), i = 1, 2 ,..., n - 1. Let 
R(n, k) (respectively, R*(n, k)) be the number of permutations with k 
successions (respectively, *-successions). In this note we determine R(n, k) and 
R*(n, k). In addition, these notions are generalized to the case of circular per- 
mutations, where analogous results are developed. 
1 
Let57 = (r(l), n(2),..., r(n)) be a permutation on { 1,2,..., n}. A succession 
in 7~ is any pair r(i), ~(i + 1) where rr(i + 1) = r(i) + 1, i = 1, 2 ,..., n - 1. 
We call the successions circular when we permit the succession n(n), n(l) 
if ~(1) = r(n) + 1. Denote by R(n, k) (respectively, Q(n, k)) the number 
of permutations on (1, 2,..., n> with exactly k successions (respectively, 
k circular successions). The numbers R(n, k) have appeared often in 
combinatorial theory literature [3, 6, 7, 8,9]; on the other hand no 
explicit determination of Q(n, k) appears to have been made. In a recent 
article [2], Dwass made use of an interesting probabilistic argument to 
show that the probability that a random permutation on (1, 2,..., n} has 
k circular successions tends to e-l/k! as n --f co. 
The notion of succession in rr can be naturally extended by counting 
the pair nl as a succession. More formally, define a *-succession in n 
as any pair r(i), z-(i + 1) where v(i + 1) = n(i) + 1 (mod n), 
i = 1, 2,..., n - 1. As above, a *-succession is called circular when we 
permit the *-succession r(n), ~(1) if Z-(I) = n(n) + 1 (mod n). In [9] 
Whitworth enumerated the number of permutations on (1, 2,..., n} without 
any *-successions, as well as the number without any circular 
*-successions. 
In this paper we generalize the results given in [9, Chap. 41. We begin 
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by giving an explicit determination of Q(n, k), from which Dwass’ asymp- 
totic result in [2] is an immediate consequence. We then establish a natural 
one-one correspondence between permutations with circular successions 
and permutations with *-successions. Finally, we extend these ideas to 
the enumeration of ~ermu~tions with a fixed number of circular 
*-successions. 
If a ~~. (n(l), n(2),..., n(~)) is any permutation, define the rotation of 
rr, p(n), as the permutation (v(n), n(l),..., ~T(FZ - 1)). It follows that 
p2(n) = p(p(n)) = (rr(n - I), z-(n), r(l),..., 7r(n - 2)), and so on. Clearly 
7~ has n distinct rotations (including 7r itself); more precisely, p divides the 
rz! permutations into (n - l)! equivalence classes, each with n elements. 
Notice further that the number of circular successions is the same for any 
permutation in a given equivalence class. Represent each equivalence class 
by the (unique) permutation which has n as a fixed point of the permu- 
tation. Let $(n, k) denote the number of permutations of { 1, 2,. . ., n} with 
k circular successions and with n a fixed point. Then from the above 
argument we conclude that Q(n, k) = n+(n, k). 
It now remains to determine +(n, 1~). Notice that the permutations 
enumerated by +(n, k) contains no circular successions (since n is a fixed 
point). The recursion 
+(n --I 1, k) = R(n, k) - $(n, k) t +(n, k - I), (1) 
where +(O, 0) == 1, is evident; unfortunately the usual generating function 
te~h~i~lues lead nowhere and we are forced to consider other means. Let 
Y; ) i =- 1, 2,.., n - 1, be the property that the succession i, i + 1 occurs 
in the permu~atio~~ let S, be the number of permutations on (1, 2,..., n> 
with at least k of the properties Pi . Clearly S,, = (“;‘)(n -- 1 -’ k)!, 
since any sequence with at least k of the properties can be arranged in 
(72 ~- I ---- k)! w ays, while the 1~ properties can be chosen in (“,I) ways. 
y the usual inclusion-~x~lusiorl formula 161 we have 
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where we recall the formula D, = n! CL0 (-l)j(l/j!). Summarizing, we 
have the following result. 
PROPOSITION 1. Let Q(n, k) be the number ofpermutations on (1,2,..., n} 
with k circular successions. Then Q(n, k) = n(“h’) DnvlTk , where Dn-l-lc 
is a derangement number. 
COROLLARY 1. (Dwass [2]). lim,,,(Q(n, k)/n!) = e-l/k!. 
Proof. 
Q<n,W lIn n-1 -----=- 
n. 1 n. ( ) k D.n-l--k 
1 Q-l-7, =- 
k! (n - 1 - k)! 
from which the corollary is immediate. 
It is interesting to compare the relative sizes of R(n, k) and Q(n, k). 
As expected, Q(n, k) is almost always bigger than R(n, k) but (perhaps 
contrary to intuition, at least at first glance) there are some exceptions. 
Using (1) and the value of +(n, k) provides a new derivation of R(n, k), 
namely, 
also 
Rh W = (” ; ‘) (L, + Dn-I--L); 
DnMI, = (n - k) D,-,-, + (- 1)I2-B, 
hence, R(n, k) = (“;‘)[(n - k + 1) Dn--l-7c + (-l)“-“1. Thus, Q(n, k) > 
R(n, k) if and only if 
(k - 1) Dlz--l.--lc > (-l)“-“. (3) 
Clearly (3) is satisfied for k > 2. If k = 1 then (3) holds for y1 even while 
if k = 0 then (3) holds for n odd. Thus, for example, Q(4, 0) < R(4, 0) 
and Q(3, 1) < R(3, 1). In an alternate vein we readily derive from the 
above expressions that 
n 
n-k+2 
< Qtn, k> < ~1 
lR(n,k)-’ n-k 
if k < n - 2, which indicates the closeness in the behavior of Q(n, k) 
and R(n, k). 
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We turn now to the enumeration of *-successions. Let R*(n, ?c) (respec- 
tively, Q*(n, k) denote the number of permutations of (1, 2,..., n> with 
exactly k *-successions (respectively, k circular *-successions). Pn 19, 
p. 1041 Whitworth used an inclusion-exclusion argument to show that 
R”(n, 0) = nD,-, ) which we observe is just Q(n, 0). A straightforward 
generalization of Whitworth’s argument can be used to prove that 
*(Iz, k) = Q(n, k) for any k = 0, 1,2 ,...) n - 1. A more elegant argument 
(which derives, in this case, from hindsight 1) is to observe that the 
bijection v c+ r-l establishes a natural one-one correspondence between 
the two sets of permutations enumerated by Q(n, k) and R*(n, k), respec- 
tively. 
To determine Q*(n, k) we first remark that the rotation operator p 
defined in Section 2 has precisely the same properties with respect to 
circular *-successions as it does with respect to circular successions. 
Hence the same argument used in Section 2 yields that if #(n, k) is the 
number of permutations of (1, 2,..., n> with k circular *-successions and n 
a fixed point, then Q*(n, k) z n#(~, k). Note that $r(n, n) = 1. 
LEMMA. For any k = 0, 1, 2 ,..., n - 1, 
Qh k) = (n - k) #J@, k> + (k + 1) $(n, k + 1). (5) 
ProoJ Each permutations rr counted by $I(FZ, k) comes from a distinct 
equivalence class of YE elements, namely, the y1 rotations OPT. It is obvious 
that (n -- k) of these rotations have exactly k (linear) *-successions while 
the remaining k have (k -- I) (linear) *-successions. Since these equivalence 
classes are disjoint and their union is the set of all ~ermL~tatio~s on 
u, L., n}, it follows that the number of pcrr~~tatio~l~ R*(n, k) with 
k (linear) *-successions is given by 
R’“(n, k) = (n - k) $(n, k) + (k + 1) $(n, k + 1). 
ut R*(n, k) =z f&z, k); hence the lemma is proved. 
Using (5) and ~~~~o~~t~~~~ I we have that 
it follows that for 0 < k -5 n -- 2, 
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since the right-hand side of (7) is a telescoping sum. Observe from (5), 
however, that 
Q(n, n - 2) = 2#(n, n - 2) + (n - 1) #(n, n - l), (8) 
where by Proposition 1, Q(n, y1- 2) = n(E-i) D, = 0. Hence z,@, IZ - 1) = 
#(n, n - 2) = 0, so (7) yields 
$b, k> = C-1)’ c (- 1)’ D+pV , O<k<n--2. (9) 
r=?c 
Summarizing the results of this section we have proved the following. 
PROPOSITION 2. Let R*(n, k) (respectively, Q*(n, k)) denote the number 
of permutations on {1,2,..., n} with exactly k *-successions (respectively, k 
circular *-successions). Then for k = 0, 1, 2 ,..., n - 1, 
(i) R*(n, k) = Q(n, k) = n(“;‘) D+-*, 
(ii) Q*(n, k) = n#(n, k), where 
$h n) = 1, $(n, n - 1) = 0, 
and for 0 < k < n - 2, 
#(n, lc) = (-1)” (;) “c” (-1)’ D,-,-, . 
r=k 
The following result is an immediate consequence of Proposition 2 and 
Corollary 1. 
COROLLARY 2. lim,,, (Q*(n, k)/n!) = e-l/k!. 
Since D, = n ! Cy=,, (- l>j(l/j!) is itself an alternating sum it appears 
that (9) gives #(n, k) as a double alternating sum. It is interesting to 
remark (as was kindly pointed out to me by Professor Lehman) that this 
double sum can be reduced to essentially a single alternating sum which 
very closely resembles a derangement number. Note first that 
= (-1)” 2 i (-1)j (T)j) 
p=* go 
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where (T)~ = T(T - 1) ‘f. (P - j $ I), the lowly factorial. earranging 
the summation we obtain 
= (n + I)! i (-1)) (l/j!(n + 1 -j)), 
j=Q 
where the second equality follows from the difference calculus formula 
o(r)j = (r -I- 1)s - (r)j = j(~)~-~ . Note how closely (10) resembles the 
derangement number D,+l . Since D, = 1, (9) can be rewritten, replacing 
Y -k by r, as 
n-2-k 
yl/(n, k) = (-1)” c (-l)T+k Dn-~-&-r 
r=Q 
71--I+ 
= c (- I)’ Dn--l--14,..7, -+ (--1)--k* 
r-0 
Thus it follows from (IO) that 
n--l--k 
#(17, k) = (n -- k)! c (--r)r (I/r!(n - k - r)) -k (-1)“~“. (11) 
y=O 
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